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1 Introduction

The key geometric invariant in Singular Learning Theory is the Real Log Canonical Threshold (RLCT)
[Wat09]. It can be calculated by resolution of singularities, but in practice this is fiddly. There are
some examples, in Watanabe’s book and Lin’s thesis [Linll], but I found the process of figuring this out
moderately tedious. I will collect here some results and examples that I have come across, most of which
will not be original, but will hopefully act as a crash course to make practical calculations easier. The
notes [Lin12] are also useful, but focus on the case where the singularity in question is on the interior.
Parts are verbatim or paraphrased from my thesis [War21].
Throughout, W C R™ will be a compact semi-analytic set, ie:

W= {X ‘ ¢1(X) > O?"'awl(x) > 0}7
for some analytic functions 1, ..., T/JIIH The ring of real-analytic functions on W is Ay .

Definition 1.1. The RLCT of f € Ay on W with the prior ¢, is a pair RLCTw (f, ¢) = (A, 0) defined
by either of the following equivalent conditions [Lin1ll §4.1.1]

e The log of the “Laplace integral”
log Z(n) = log | exp (=l f(w)))| p(w)ldu,
w

is asymptotically —Alog(n) + (6 — 1) loglog(n) as n — oo.

e The zeta function

() = /W | ()|~ |(aw) [,

has smallest pole A\, with multiplicity 6.

IStrictly speaking, we should assume that W has non-empty interior (see [Wat09, Chapter 6] for the “Fundamental
Conditions”). In practice, we will often use the simplices A™ C R™*t! which do not satisfy this condition — it can
however be arranged in the obvious way.



We order pairs (A1, 61) < (A2, 62) if, for large enough n:
A1log(n) — (61 — 1) loglog(n) < Aglog(n) — (02 — 1) loglog(n).

We extend this to ideals of Ay in the following way. By Lemma [2.3] the value is independent of the
generators chosen.

Definition 1.2. The RLCT of an ideal I = (fi,..., f.) is identified with that of the function fZ+---+ f2.

Caution: this differs by a factor of 2 from the definition in [Linll]. As a result:

RLCTw (f;¢) = (A, 0)
RLCTw ((f); ) = (A/2,0).

First we collect some useful results for calculations, which are proven in the sequel.

If |g| < ¢|f| for some constant ¢, then RLCTw (g; ¢) < RLCTw (f;¢) (Lemma [2.1).

Analogously perhaps, if I C J are ideals, then RLCTy (I;¢) < RLCTw (J;¢) (Corollary .
Also, for every r > 0 (Proposition :

Suppose that P € W C R" lies in the interior, and let mp denote the maximal ideal at P. Then if
ordp([I) is the largest integer K so that I C m”, we have (Corollary :

n
) < | —————— ’
RLCTw(I;1) < (2.ordp(1)71)

For functions, this agrees with the usual order of vanishing at P.

Let Wy and Wy be semi-analytic, and J; C Ay, ideals. Let W = Wy x Wy, and by composing
with the projections, we consider Aw, C Aw. Suppose RLCTw, (J;;¢;) = (A, 6;). Then Proposi-
tion [2.10] gives us the formulae:
RLCTw(J1 + Jo; (p) = (/\1 + Ao, 01 + 05 — 1)
()\1791) )\1 < )\2
RLCTw(JlJQ; QD) = ()\2,02) Ao < Ay
()\1, 01 + 02) else

where ¢ = 1 X @a.

e The primary reason for examining the RLCTs of ideals is that, using the result of Lemma we
can replace a complicated function with a simpler ideal. See below for the precise statement, but
here is a special case. Let Z be a finite set, and AZ the standard simplex over Z. If p: W — AZ is
a parametrised family of probability distributions over Z, and g € AZ is some “true distribution”,

set
K(w) = Dxi(q || p(w)) == q(2)log (‘1(2)) _

z€Z p(z)
In this case K has the same RLCT as the ideal:
<p(w)(z) —q(z) : z€ Z>.

A more meaty result is the following, which is proved in [Linli].



Theorem 1.3. Let f and ¢ be real-analytic on W, and ¢ smooth and strictly positive. Then around
every w € W there is a neighbourhood N,, C W so that:

RLCTy, (f;¢¢) = RLCTw, (f; ).

Moreover,
RLCTw (f;¢9) = Hg{lf) RLCTx,, (f;¢)-
we

In what follows, given w € W, N,, will always denote the neighbourhood of the theorem, and by
RLCTw(f; ),

we mean the RLCT calculated on an open neighbourhood in R™ (ie ignoring the boundary of W). We
have that,
RLCT,(f;¢) < RLCT, (f;¢)-

This follows as, if U C R™ is our open neighbourhood, we can shrink N,, C U so that Zy,(n) < Zy(n)
for every n.

The theorem is proven by reduction to the case where f and ¢ are monomials, integrated over the
positive orthant (Proposition . This uses resolution of singularities, which is deep and difficult —
Theorem [3.1 Roughly, this (algorithmic) process takes a possibly singular subvariety X of a smooth
variety W, and produces a map 7 : W — W which is an isomorphism over the complement of the
singular locus of X, and which “desingularises” X. Specifically, the strict transform:

X ;= 7—1(X \ Sing(X))

is smooth (see [Hauldl Lecture 7] for more precise statements of the various forms of this theorem).
In Section [3| we sketch a loose understanding of this process, which allows one to calculate RLCTs in
practice.

The core of the resolution algorithm is a transform called blowing up (again, we sketch this is slightly
more detail in Section . To desingularise X C W, we pick some smooth subvariety Z C Sing(X), and
compute the blowing-up, which is a map from a new variety Blz (W) — W. (Note that the blowing up
is performed on W, but the centre Z is determined by X.) Repeating this process eventually gets us our
resolution. The general case is given below, but in every example from SLT that I have seen the centre
Z is some coordinate subspace.

Let W = R™ x R", with coordinates (z1,...,Zm,¥1,...,Zn), and Z = R™. Then Blz (W) has the
description:

Blz(W) = {(z,y,1) |z €1} CR™ x R" x P 1,

With homogenous coordinates [u; : -+ : wuy,] on P71 the affine piece u,, # 0 has coordinates
(Tomy Y1y -+ s Yny Uly -« Up—1), and the map 7 is:
7T(xrnvyla ey Yn, UL, e 7“1’77,—1) = (Ull’m, ey Um—1Tms Ty Y1y - - - 7yn)

More detail is given below, but this is about as far as [Wat09] goes.

2 Results

Lemma 2.1. Let f, g be analytic functions on W. If there is a constant ¢ > 0 such that |g(w)| < ¢|f(w)]
for every w € W, then:
RLCTw (g5 0) < RLCTw (f3¢).



Proof. Using monotonicity, we have that Z,(n) < Z;(cn). Asymptotically this gives us:
Aglog(n) — (04 — 1) loglog(n) < Aflog(en) — (65 — 1) loglog(cn) + O(1).
This implies the required inequality, as the constant gets absorbed into the constant term. O

Corollary 2.2. If there are constants ¢1, ca > 0so that ¢1|f(w)] < |g(w)| < ea| f(w)], then RLCTw (f; @) =
RLCTw (g;¢). Such functions are called comparable.

Lemma 2.3. Let fi,..., f. and ¢1,...,gs be analytic on W. Then if < ¢g1,...,95s >C< f1,..., fr >,
then
RLCTw (g7 + .-, 92 ¢) < RLCTw (ff +--- + f759).

Proof. For each i =1,...,s, we can find analytic functions hq,...,h, on W so that:
gi=hifi+-+hfr

Using the Cauchy-Schwartz inequality, and the fact that W is compact:

2

g= 2l | <)) <D f
7 J J J

For some constant ¢;. This implies that

E (z) > 7).

which by Lemma [2.1] implies the result. O
Corollary 2.4. If I C J are ideals of Ay, then:
RLCTw (I; ) < RLCTw (J; ).
Proposition 2.5. Let I C Aw be an ideal, and RLCTw (I;¢) = (A, 6). Then:
RLCTw(I";¢) = (A/r,0).

Proof. Tt is obvious from the definition in terms of zeta-functions that, for an analytic function f,
RLCTw (f";¢) = (A/r,0) when RLCTw (f;¢) = (A, 6). Let the sum-of-squared-generators associated to
I" be f("). By the previous observation, it suffices to demonstrate that

) is comparable to (f(l))

Letting I = (f1,..., fx), and e € N¥ range over multi-indexes, we have:
f(r) _ Z f£2e
le|=r
(1)>T _ "\ p2e
-2



In the previous, we use the notations for a multi-index e = (ey, ..., ex):

k
le| = Zei
i=1

2e __ r2eq ey
f<€ = 1 fk

T\ r!
e/ el --ep!

Since
T r __r
Z(e):(1+ +1)" = k",
le|=r
we have: ,
< (f(l)) <k,
which completes the proof. O

We next observe two simple cases.

Proposition 2.6. Let my,...,m, be positive integers, and f(z1,...,2,) = > ., z"". Then if RY,
denotes the positive orthant:
n
1
RLCTxz (f;1) = (Zl et 1) .
i

Proof. Calculating the Lapace integral for f:

Z(n) = / e~ ¥ gx
R

n
>0

n 0
H/ e " dy
i=1 0
. e i dul
:H/ e nl/mi
i=170

= H const - /™

i=1
= const -~ Zi i,
O
Corollary 2.7. Set m = (z1,...,2,). Then
RLCTo(m; 1) = (g 1) .
Corollary 2.8. Let K = ordg(I) be the largest natural number so that I C m*. Then
RLCTo(I;1) < (”1) .
2 - ordo(J)
Proof. By Proposition [2.5] and Corollaries and O



Proposition 2.9. Let k = (k1,...,k,) and h = (hy,..., h,) be vectors of non-negative integers, and ¢
a smooth function of compact support, with ¢(0) > 0. Then if RLCTgx (2*;2"¢) = (X, 6), we have:

. [hi+1
)\—miln{ " },

and 6 is the number of ¢ for which this minimum is attained.

Proof. See [Linlll Proposition 3.7], with more detail in [AVGZ85, Lemma 7.3]. For ¢(z) = 1, we can
integrate our zeta function explicitly (taking € [0, K]? as ¢ is in fact compactly supported):

C(z):/ dx ™"
w
d K
:H/ dx T
i=170

d Kl—l—‘ri—zm,;

:H1+TZ—Z/€1
=1

In this situation we have poles for 1+ 7; — zk; = 0, so the statement is clear. The general case follows by
expanding ¢ into an N*'*" order Taylor series and remainder. The (non-zero) constant term contributes
the smallest pole, and by increasing N, the term involving the remainder can be made analytic. O

Proposition 2.10. Let W; and W5 be semi-analytic, and J; C Ay, ideals. Let W = W; x Wj, and by
composing with the projections, we consider Aw, C Aw . Suppose RLCTw, (J;; ¢;) = (A\i, 6;). Then:
RLCTw(Jl + JQ; QD) = ()\1 + )\2,91 + 92 — ].)
(/\1,91) /\1 < /\2
RLCTw(Jng; 90) = ()\2,02) Ao < A
(A1,01 +63) else
We set o = (1 0 m1)(p2 0 T2).

Proof. Let f; be the function defining RLCTyw,(J;; ¢;). For the first equality, examine the Laplace
integral:

Z(”)Z/ eI EDTR2) g (21) 0y (w0)dry da
w

= </ e”fl(zl)gal(zl)d:m) </ enf2(z2)¢2($2)dl”2>
Wl W2

~ (Cin~™ (logn)elfl) (Con™ > (log n)erl)
_ Cnf)qf)\z (log n)91+92*2.

In the same way, if ((x1, x2) is the zeta function associated to JiJo, we have that ((x1,z2) = (1 (z1)C2(x2).
Therefore, it has its smallest pole at min{A;, A2}. If these coincide, their multiplicities add. O

Lemma 2.11. Suppose that W ¢ R? and W' C R? are compact and semi-analytic, and f = (f1, ..., fa) :
W — W' and g : W' — R are real analytic. Pick @ € W, set f = f(w). Then if g(f) =0, Vg(f) =0
and the Hessian V2g(f) is positive definite, then:

RLCTw, (g0 f;¢) = RLCTn, ((fi — fiy-- oy far — far); ).



Proof. See [Linlll, Proposition 4.4]. The lemma follows from the fact that, in a small enough neighbour-
hood of f, g is comparable (in the sense of Corollary to a sum of squares:

(ur — f1)? 4+ (ua — fa)?,

where ug, ..., uq are coordinates on W’. The right-hand side is exactly the RLCT of f composed with
such a sum of squares. O

3 Resolution of Singularities

The result we use is the following, which sometimes goes by the name “local monomialisation”. We follow
Watanabe and Lin in using a version due to Atiyah [Afi70].

Theorem 3.1 (Resolution of Singularities). Let f be a non-constant real analytic function on a neigh-
bourhood of the origin in R?, with f(0) = 0. Then there exists a triple (M, W, p) where:

e W C R% is open, and contains 0,
e M is a d-dimensional real analytic manifold,
e p: M — W is a real analytic map.
The following also hold.
e p is proper, the inverse image of a compact set is compact.
e p is a real analytic isomorphism away from Vy (f). (That is, M \ Vs (f o p) — W\ Vw (f).)

e Around any point y € V(fop), there are local coordinates u = (uy, ..., ug) on some neighbourhood
M,, vectors x and 7 of non-negative integers, and strictly positive, real analytic functions a and h
of u such that:

K

f o plw) = a(uu”,

and the Jacobian determinant of p:
|0 (w)] = h(u)u”.

Corollary 3.2. Given non-constant analytic functions f;,...,f; in a neighbourhood of 0 € RY, all
vanishing at the origin, there is a triple (M, W, p) as above which desingularises each f;.

Proof. See [Wat09, Theorem 2.8]. Apply the original form of the Theorem to the product fi(w)--- fi(w),
then observe [Wat09, Theorem 2.7] that the resulting triple desingularises each f;. O

Now we want to apply this theorem to calculate RLCTSs: in short, it works as follows [LinIll Lemma
3.8]. The statement is local, so we examine a particular point w € V(f), and desingularise f at w, using
the theorem. We may also assume that the triple (M, W, p) desingularises ¢ and each of the analytic
functions vy, ..., ¥; (if they vanish at w) which define W C RY. We can also show that the neighbourhood
W can be shrunk to N, such that p=!(NV,,) is a union of coordinate neighbourhoods M, as in the theorem.
In each of these coordinates, the situation is as in Proposition since the constraints are monomial,
M, = M, N p~*W is a union of orthants, and the functions f o p, ¢ o p are of the correct form. Using a
partition of unity {o,} subordinate to {M,}, we can write the zeta function as:

6= [ aulre sl =loo oo o, o)



The RLCT (), 0) associated to ¢ is simply the smallest such pair (using the usual ordering) associated to
one of the integrals:
Cu(2) = / dulf o p(u)|~*|p o p(u)||¢ o p(u)loy(u),
which we may calculate as in the proposition.
The manifold M and map p are computed by transformations called blow-ups. The precise algorithm
is beyond the scope of these notes, but the following subsection sketches how to find such a map by trial
and error.

3.1 Blowing up

The abstract content of a blow up — framed here inside scheme theory — may be summarised by the
following. The condition “J is invertible” may be replaced with “7 is locally generated by a single
non-zero-divisor” in the case that X is an integral scheme (eg a variety).

Proposition ([Mur05], Proposition 3). Let X be a noetherian scheme, J a coherent sheaf of ideals, and
let 7 : X — X be the blowing up of 7. Then

e The inverse image ideal sheaf j := J - Oz is an invertible sheaf on X.
e If Y is the closed subset corresponding to J, then 7=1U — U is an isomorphism, where U = X \ Y.

Theorem ([Mur05], Theorem 9). Let X be a noetherian scheme, J a coherent sheaf of ideals, and
7 : X — X the blowing-up of X with respect to J. If f: Z — X is any morphism such that J - Oy is
an invertible sheaf of ideals on Z, then there exists a unique morphism ¢ : Z — X making the following
diagram commute

The monomialisation of Theorem is achieved by a sequence of blow ups of the ambient space R¢
— the ideal sheaf J is chosen to cut out a smooth subvariety V of R%, and the subvariety we chose is
dictated by the singularities of f. We don’t need to dive into the full generality of schemes and such, and
in fact most of the blow ups I have come across have simply been of a coordinate axis. Let us examine
these formulae. For a more rigorous and detailed accounts, see notes [Smil [Haul4] or [Spi20].

Definition 3.3. Let X C R"™ be open, and I = (f1,..., f;) an ideal in Ax. Define a map:
¢: X\V(I) — P

by ¢(x) = [fi(z) : ---: fo(x)] in homogenous coordinates. Then the blowing-up X is the closure of the
graph of ¢, ie, the set:

X={(z[filz):: fr@)]) |z X\VI)} C X xPL
The map 7 : X — X is the projection onto the first coordinate.

Let us examine in detail the case where X = R¢ and I = (x1,...,74), so V(I) is the origin. Then,
identifying P4~! with lines through the origin in R, X has the description:

X ={(z,]) |z €l} cREx P¢L,

If = # 0, it defines a unique line [ € P! such that = € [ — this is why 7 is an isomorphism away from
the preimage of the origin. Since 0 € [ for every [ € P4~1 E := 771(0) = P4~1. To see why this has a
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Figure 1: The blowing-up of R? with centre (0, 0), two lines and their preimages, as well as the exceptional
locus F, are marked. Note that the top and bottom and glued together, so that X is topologically an
open Mobius strip.

chance of desingularising some subvariety, first observe that for two distinct lines 1,1’ C R%, the inverse
images m~1(1\ 0) and 7—1(I’\ 0) approach E in different places. Specifically, they limit towards (0,) and
(0,1"). With d = 2 we can visualise this as in Figure

A possible singularity at zero is a node, take f = y? — x?(x + 1) for example, which crosses twice
through the origin with slopes 1. The strict transform of the singular variety Y = V(f) is

V=71 (Y \{0}),

(so called to differentiate it from the total transform ==1(Y")). This splits apart the two crossings, as they
limit towards two different points in E (see Figure .

We can give a more helpful description as follows. Let [u; : -+ : ug] be homogenous coordinates on
P4=1 and observe that the point (z1,...,24) lies in the line so defined if and only if:

:z:iujfasjui:(), VZ,jil,,d
Therefore, the blowing-up X of the origin in R% may be expressed as the vanishing locus:
X =V(zju; —zju; 4,5 =1,...,d) C RE x P41, (1)

This gets us somewhere if we consider the affine charts on P4~1 (in the latter expression the term wu;/u;
is skipped):

Ui:Rdx{u1:~~~:ud] UZ%O}NRdX{(UI, W)}CRmil.

)
Usq Usq

Then, X NU; = R? with coordinates (t?, e ,ty)) given by:

NONED EZ 1=
J uj/u,- Z}éj
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Figure 2: The strict transform of the nodal cubic.

Solving for x;, the map 7 has the expression:
w8y = @D D0y,

This is, usually, all that one needs: see for example [Lin12) §9] or [War21, Example 3.23]. This example

extends easily to the case I = (z1,...,,) for r < d — set tg-i) =z, for j > r.
We can extend eq. to the general case. Let I = (f1,..., fr), so that our equations become:

fil@)uj — fi(x)u; =0, i,j=1,...,m

Observe that this defines a subset of R x P! as each equation is homogenous in the w;. The charts
are (away from the exceptional locus):

UinTy = {(z, ¢(x)) | fi(x) # 0} (2)

A nice way of expressing this is the following ([Spi20} §1.3]): let A = R[X},..., X,] be the coordinate
ring of R?, then the affine piece X N U; has associated ring (where Y; is skipped):

AlYy,.... Y] :A[fl(X) fr(X)}
(fi(X)Y; = f;(X)) fi(X) 7 fi(X)
The expression on the left only works if the f1,..., f, form a regular sequence. That is, if for every m < r
gm is a non-zero-divisor in A/(f1,..., fm—1), meaning the fractions f;/f; do not satisfy any non-trivial

linear relations over A. For example ([Hauld, Example 4.43)), if I = (22, 2y,vy%) C A = K|x,y], then

3
Ty Y x
Al Y 1 y|2
Lz’xz} [y}

Alu, v]
@ ay.220 )

which is different to

Namely, we have to add the equation u?y — v. This corresponds to the fact that the closure of the graph
in eq. ([2)) is smaller than expected, due to the extra linear relations satisfied by the generators of I.

10
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